Abstract. The Legendre-Stirling numbers were discovered in 2002 as a result of a problem involving the spectral theory of powers of the classical secondorder Legendre differential expression. Specifically, these numbers are the coefficients of integral composite powers of the Legendre expression in Lagrangian symmetric form. Quite remarkably, they share many similar properties with the classical Stirling numbers of the second kind which, as shown by Littlejohn and Wellman, are the coefficients of integral powers of the Laguerre differential expression. An open question regarding the Legendre-Stirling numbers has been to obtain a combinatorial interpretation of these numbers. In this paper, we provide such an interpretation.
Introduction
The Legendre-Stirling numbers {P S (j) n } were first discovered (see [7] ) as a result of an application of left-definite operator theory to the classical second-order Legendre differential equation Here, k is a fixed, non-negative constant. In most special functions settings, we take k = 0; for operator-theoretic purposes, it is sometimes useful to have k > 0 and we can do so, without loss of generality, since we can negate the additional term ky by also including it as part of the spectral term λy. The classical (first) left-definite setting for this expression is in the Sobolev space
with inner product
notice that this inner product (when k > 0) is generated from the left-hand side of (1.1), prompting the notation 'left-definite'. Left-definite theory has its origins in differential equations and can be traced back to some fundamental work of Weyl in [13] . Questions about the existence of symmetric or self-adjoint operators, generated by (1.1), in H and about their spectral properties are the central issues in a left-definite analysis of the Legendre differential expression. This left-definite study of (1.1) in H was initiated by Pleijel in a series of papers [11] and [12] and further studied by Everitt in [5] . Specifically, these authors sought a self-adjoint operator in H, generated by (1.1) , that has the Legendre polynomials {P m } ∞ m=0 as (orthogonal) eigenfunctions in H.
In [9], Littlejohn and Wellman generalized left-definite theory from its traditional roots in differential equations to a more abstract setting, namely to arbitrary selfadjoint operators A that are bounded below in a Hilbert space (H, (·, ·)) by a positive constant k; that is to say,
They show that the appropriate (first) left-definite setting for such operators is the Hilbert space H 1 = D(A 1/2 ) endowed with the inner product
Moreover, using the Hilbert space spectral theorem, they prove that there is, in fact, a continuum of left-definite spaces {(H r , (·, ·) r )} r>0 associated with the pair (H, A); these spaces are explicitly given by
with corresponding inner products
In practice, unless the spectral resolution of the identity is explicitly known for the self-adjoint operator A, it is difficult to determine H r for every r > 0. However, as the authors show in [9] (see also [3] , [6] , [7] , and [8] ), it is possible to compute these spaces and inner products for several well-known self-adjoint operators for each positive integer r.
Consequently, the r th left-definite inner product, as well as the r th left-definite space H r , is generated by the r th power of A. In particular, when A is generated by a differential expression [·] such as (1.1), this means that knowing the explicit form of the r th power of [·] is necessary in order to find both the r th left-definite space and the r th left-definite inner product. It is precisely these integral powers of the Legendre expression that involve the Legendre-Stirling numbers.
The contents of this paper are as follows. In Section 2, we discuss the integral powers of the Legendre expression [·] and briefly introduce the Legendre-Stirling numbers from the context of left-definite theory. As a means of comparison, we also discuss the classical Stirling numbers of the second kind in Section 2; these combinatorial numbers are well known and we discuss a relatively new result involving these numbers and the powers of the classical second-order Laguerre differential expression. In Section 3, we compare various properties of the classical Stirling numbers of the section kind with the Legendre-Stirling numbers; as we will see, these two sets of numbers are similar in many ways. One such property, the triangular recurrence relation (TRR), is paramount in establishing a combinatorial interpretation of the Legendre-Stirling numbers, so we prove the TRR for the Legendre-Stirling numbers in Section 3. In Section 4, we derive our combinatorial interpretation of the Legendre-Stirling numbers and illustrate this result with several examples.
Background
In [7] , the authors prove the following result, which is the key prerequisite to establishing the left-definite theory of the Legendre differential expression; it is in this result that the Legendre-Stirling numbers are first introduced.
Theorem 1.
Let n ∈ N. The n th composite power of the Legendre differential expression (1.1), in Lagrangian symmetric form, is given by
where the coefficients a j (n, k) (j = 0, 1, . . . , n) are non-negative and given by
n is positive and given by
In particular,
Furthermore, P S (j)
n is the coefficient of x n−j in the Taylor series expansion of
.
We call the numbers {P S (j)
n } the Legendre-Stirling numbers. From (2.3), we see that we can extend the definition of these numbers to include the initial conditions
. The focus of this paper is on the combinatorics of these Legendre-Stirling numbers; however, for the sake of completeness, we note that the n th left-definite inner product and space are readily obtained from Theorem 1. Indeed, from (2.1), it can be shown that the n th left-definite inner product is given by
Moreover, as shown in [7] , with the m th Legendre polynomial defined by
and form a complete orthogonal set in the n th left-definite space explicitly given by
The Legendre-Stirling numbers have several properties similar to the classical Stirling numbers of the second kind {S 
Specifically, the authors in [9] show that for each n ∈ N,
, where
We note that the Stirling numbers of the second kind also appear in the composite integral powers of the classical second-order Hermite differential equation
see [6] for further details.
A comparison of Stirling numbers of the second kind and the Legendre-Stirling numbers
We begin this section with Table 1 , which compares various properties of the Stirling numbers of the second kind and the Legendre-Stirling numbers; details and proofs of these properties are forthcoming in [2] .
From this table, notice the rational generating functions for the Stirling numbers of the second kind and for the Legendre-Stirling numbers; in particular, note the coefficients r and r(r + 1) in the denominators of these products. Remarkably, and perhaps somewhat mysteriously, these coefficients are, respectively, the eigenvalues that produce the Laguerre and Legendre polynomial solutions of degree r in the Laguerre and Legendre differential equations. We find it even more remarkable that the computation of the integral composite powers of both the Laguerre and 
Legendre differential equations (these are completely algebraic calculations) are therefore intimately connected to these classical orthogonal polynomial solutions. Furthermore, in the case of the Legendre expression, the Glazman-Krein-Naimark theory [10] implies that there is an uncountable number of self-adjoint operators in L 2 (−1, 1), generated by the Legendre expression 0 [·], each of which has a purely discrete (that is, eigenvalues only) spectrum. Exactly one of these self-adjoint operators, namely the 'Legendre polynomial' operator A defined by
has spectrum {r(r + 1) | r ∈ N 0 }. Why does the horizontal generating function involve the eigenvalues r(r + 1) of this operator A? Why doesn't this generating function involve the eigenvalues of one of the other self-adjoint operators? It seems that there is an interesting connection here that deserves further attention. Tables 2 and 3 list several Legendre-Stirling numbers and, for comparison purposes, Stirling numbers of the second kind. j/n n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8 n = 9 n = 10 
The next lemma establishes the triangular recurrence relation for the LegendreStirling numbers; we need this result for our main theorem in the next section.
Lemma 3.1. The Legendre-Stirling numbers satisfy the following triangular recurrence relation:
Proof. The initial conditions given above are part of the definition of P S (j) n , given in (2.4). On the other hand, for n, j ∈ N and j ≤ n,
A routine calculation shows that, for 1 ≤ r ≤ j − 1,
Moreover, the term corresponding to r = j in the second sum in (3.3) is
which is the same as the term in (3.4) when r = j. Consequently, the right-hand side of (3.3) simplifies to To describe a combinatorial interpretation of the Legendre-Stirling number P S (j) n , for each n ∈ N, we consider two copies of each positive integer between 1 and n:
. . , n 1 , n 2 ; we may say that these are the integers {1, 2, . . . , n} with two colors. For positive integers p, q ≤ n and i, j ∈ {1, 2}, we say that p i > q j if p > q. We now describe two rules on how to fill j + 1 'boxes' with the numbers
(1) The 'zero box' is the only box that may be empty and it may not contain both copies of any number. (2) The other j boxes are indistinguishable and each is non-empty; for each such box, the smallest element in that box must contain both copies (or colors) of this smallest number but no other elements have both copies in that box.
Example 4.1. n = 3, j = 2. As Table 4 shows, there are eight different ways to satisfy the above two rules.
Table 4
Zero box Other two boxes Zero box Other two boxes
In this case, there are sixteen different ways to satisfy the above two rules. To see this, first note that no copy of the number 1 can be in the zero box. Indeed, by Rule 1, it is not possible for both copies of 1 to belong to the zero box. Moreover, if the zero box contains exactly one copy of 1, then the only other box in this case must contain the other copy of 1, which violates Rule 2. In fact, since there is only one other box besides the zero box, it is straightforward to see that the zero box is non-empty and necessarily has the form {2 i , 3 j , 4 k , 5 l } where i, j, k, l ∈ {1, 2}. There are two different choices for each of the numbers 2, 3, 4, and 5, and, consequently, there are precisely 2 4 = 16 ways to build this zero box. Table 5 .
We now come to the main result of this paper. 
Table 5
Zero Other three boxes Zero Other three boxes box box
For n, j ∈ N 0 and j ≤ n, the Legendre-Stirling number P S
n is the number of different distributions according to the above two rules. n (see (3.2) ). Now we must establish the recurrence relation (3.1); to do so, we split the distributions into two exhaustive, disjoint sets:
Proof. Let Le
(I) those distributions where n 1 and n 2 , the two copies of the largest integer n, are in the same box; (II) those distributions where n 1 and n 2 are in different boxes.
We claim that there are Le (j−1) n−1 distributions for Case (I). Indeed, if n 1 and n 2 are in the same box, it is necessarily one of the indistinguishable boxes. The remaining j − 1 boxes plus the zero box have distributed among them the entries from {1 1 , 1 2 , 2 1 , 2 2 , . . . , (n − 1) 1 , (n − 1) 2 }, and this can be done in Le
ways. In determining the number of distributions satisfying the conditions of (II), suppose n 1 and n 2 are in different boxes. If we first distribute the elements {1 1 , 1 2 , 2 1 , 2 2 , . . . , (n − 1) 1 , (n − 1) 2 } into the j indistinguishable boxes plus the zero box (which we can do in Le
n−1 ways), then we can put n 1 into any of the j + 1 boxes and we, independently, can put n 2 into any of the remaining j boxes. The total number of distributions for Case (II) is therefore j(j + 1)Le
Combining these cases, we see that
In conclusion, we see that Le ; of course, we may verify this directly from the triangular recurrence relation in (3.1) . In this case, we have the zero box and n − 1 "other" non-empty, indistinguishable boxes to distribute two copies of each of the integers 1, 2, . . . , n according to the above rules. Since the least entry in each "other" box must be repeated in that box, we see that there is exactly one pair {i 1 , i 2 } which is split into separate boxes. Keep in mind that i = i 1 = i 2 can be put into an "other" box only if it is larger than the minimal pair put in that box; moreover, it is clear that i = 1. Hence, if one of the i's (either i 1 or i 2 ) goes into the zero box, the other i (i 2 or i 1 ) can go into i − 1 of the other boxes; the total count for all possible pairs in this instance is In particular, P S 
